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Abstract

The objective of this paper is an analytical and numerical study of the transient vibrations of a taut inclined cable
with a riding accelerating mass that is suspended in space. The moving mass is accelerated by a thrust down the
inclined cable and is able to be aerodynamically brought to a halt. The thrust is a follow force that is tangential to
the deformed configuration of the cable.

The cable is suspended from two points of different elevation. The higher point of the cable is anchored to the
ground, and the lower point of the cable is controlled so that its tension at that point is held at a constant level.
Hence, the length of the cable is not fixed and is a parameter to be determined during any run. The restriction in
which an inextensible cannot vibrate in the limit of vanishing sag then is removed.

The mechanics of the problem is Newtonian. Methods of analysis will consist of the dynamics of small
deformations superimposed on the static catenary state. The problem is nonlinear due to the presence of friction
and the convective acceleration interaction of the moving mass and the cable. Galerkin’s procedure for removal of
spatial dependence and numerical integration are used to obtain convergent solutions. © 1999 Elsevier Science Ltd.
All rights reserved.

1. Introduction

Vibrations of cables with and without moving mass have been the subject of many studies. Smith
(1964) outlined analytical works to investigate the dynamic behavior of a stretched string carrying a
moving mass that travels with constant velocity along the string. Analytical solutions for the vibrations
of a stretched string due to moving load are carried out but the interaction of string and mass is not
considered in his analysis.

Forrestal et al. (1975) considered a rocket-propelled trolley which is forced at constant acceleration
along a steel cable suspended between two mountain peaks. They developed a simple model that
neglects the interaction of cable and attached mass to predict deflection profile of the cable and kink
angle in the cable during motion.

0020-7683/00/$ - see front matter © 1999 Elsevier Science Ltd. All rights reserved.
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In a latter study, Rodeman et al. (1976) analyzed the dynamic response of an infinitely long ideal
cable due to the motion of the attached mass. Their results show that the dynamics of the system can be
significantly affected by the inertia of the moving mass.

Triantafyllou (1984) studied the mechanics of a taut inclined cable due to external forces. He points
out that the effect of elasticity is particularly important in taut cables. His results indicate that an
inextensible cable in the limit of vanishing sag is not possible.

Wu and Chen (1989) analyzed the dynamic response of an extensible cable suspended from two points
of equal elevation due to the motion of the attached mass. They use Newmark direct integration method
and the Newton—Raphson iteration approach to predict the influence of various parameters on the
response of the system.

Ting et al. (1974) consider the effect of convective acceleration. The interaction between the moving
mass and the supporting structure was involved. They point out that the convective acceleration terms
that were not previously recognized should be included if ‘correct’ formulation is desired.

Wang (1993) analyzed the transient vibrations of an inextensible cable with a riding accelerating mass.
A new model that includes the effect of rolling friction between the moving mass and the cable was
developed. An important feature to be carried out is the ability to bring the mass to a halt at the end
point of the cable.

In this study, the purpose is to present an analytical methodology to evaluate the transient dynamics
of the motion of a cable-mass system with finite span and the influence of various parameters upon the
performance of the cable.

The moving mass may be parked on the cable and may slide down the cable under a variety of
conditions that include free fall under gravity and being propelled with forward/reverse forces. Rapid
deceleration and braking to a halt at the desired (end) point on the cable is considered. The effect of
rolling friction between the rollers of the mass and the cable is a parameter that is included in modeling
of the system.

The force applied on the mass is specified and this results in variable velocity and acceleration,
unknown location of the mass along the cable, nonlinear boundary and initial value problem. The
problem of specification of forward and retarding forces that will cause the moving mass to acquire a
specified speed and thereafter reduce speed to a halt at the desired (end) point is solved.

2. Basic formulae

In this study, an inclined taut inextensible cable suspended from two points L apart and having a
difference in elevation of % is considered. The Cartesian position vector of point s along the cable at
time ¢ is represented by r(s,z) or is given as (Fig. 1)

r(s,t) = x(s,0)i + y(s,2)j 1)
The equations of motion then can be written as

(Te) +f=mi, 0<s<4€, t>0 2)
with the inextensibility constraint
r'r =1 3)

where superposed prime and dot denote s and ¢ differentiation and where T and m indicate the tension
and the mass per unit length of the cable respectively. The external forces, are collectively denoted by f,
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Fig. 1. Schematic of cable and the moving mass.

include the weight of the cable and the mass as well as the moving reaction of the mass upon the cable.
The equation of motion of the mass, considered separately, states (Fig. 1)
Ma,, = Mg +f,, — uNt — Nn 4)

where M = mass of the moving mass; g = gj=acceleration of gravity; f,, =thrust= Mft; N = reaction
of cable on the mass; u=coefficient of friction; t = dx/dsi+dy/dsj=cos Oi+sindj; n=—3ay/dsi+0dx/dsj=
—sin 0i+cos 0j and 0 stands for the angle between 7 and the x axis.

The acceleration of the mass, a,,, is obtained from

2
ay = %[r(i(t), 0] = e (5) 4275+ e+ ©)

where §(7) is the distance along the arc of the cable designating the position of the moving mass. The
force f on the cable can be stated also by

f = mg+ (Nn + uNt)d(s — 5) (6)

where d(s — ) is the Dirac delta function.
Thus the equation governing the motion of the combined system (mass and cable) becomes

\2 . .
(Tr') +mg + (Mg + £,,)8(s — 5) = mf + MS(s — 5) [r” (5)° 4265 +r5+ r] )
while the mass obeys
2 . .
M[r”(s) F2E5 S+ iﬁ] =f, + Mg — [Nn+ uNtl, s =35(t) ®)

Equations (3), (7) and (8) account for r, 7, N and § when m, M, u, g and the points of anchor of cable
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are specified. The boundary conditions of the problem when control is being implemented (Fig. 1) are

r=0 at s=0 ©
r=Li+hj, at s=14£(1) (10)
T=T"+u*(t), at s=4£(¢) (11)

where u*(¢) is the control force specified by a control algorithm and £(¢) is the total cable length to be
determined.

To determine the static shape of the cable when the mass is on the cable, we define the static problem
as

d dl‘g

- =0 - M(s —

dS(TO I ) [+ Mo(s — )] (12)
dl'() dl‘o _

A 1 (13)

with the boundary conditions

rp=0 at s=0 (14)
ro=Li+hj, at s=14 (15)
To(ly) =T* (16)

In scalar terms eqn (12) implies

d dX()
(7= = 17
ds( 0 ds) 0 (7
i(TO%> = —mg — Mgd(s — 5) (18)
ds ds

The solution of eqn (18) satisfying eqn (13) is

d

Do = —sinh f(xg—c1), 0 < xo < X (192)
dX()

d . M; -

SN0~ sinh| fxo — &) + == |, Fo < xo < L (19)
dxg To(3)

where § = mg/H, and Hy = Ty dxo/ds = the horizontal component of the tension in the cable. Here, the
term Mg/Ty(s) in eqn (19b) can be obtained approximately by the integration of eqn (12) from 5§ — ¢ to
5+ ¢ with ¢ denoting the small deviation of the position from the mass. A single integration of the static
form of eqn (12) yields
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Toto = —Mg (20)

In scalar terms eqn (20) implies

¥l — % _p, 1a)
ds |5, ds S+e

| _dn| _ M o)

dvo s, dXols—,  Ho

Substitution of eqns (19a) and (19b) into eqn (21b) yields

= =BG &)+ sin o 5o — ) + 5% | @)

The static deflection of the cable yy due to the weight of the cable and the mass then can be determined
from eqns (19a) and (19b) which yields

1
Yo = B[—Coshﬁ(X()—ﬁ)—l-Cz], 0 < xo < Xo (23a)
1 - P N - Mg ~ -
y():B — cosh| f(x¢ — Xg) + sinh™" | sinh ﬁ(xo—cl)+? +cét, Xo < xo < L (23b)
0

where ¢1, ¢; and ¢, are the integration constants and can be determined from the conditions yy = 0 at
x0=0, yo=hat xo = L and Yols—& = yols+¢ at x¢o = Xop.
Hence, the tension T in the cable is

d
Ty = Hoﬁ = Hycosh f(xog —c1), 0 < x9 < Xo (24a)
0
d M,
Ty = H0£ = Ho{cosh[ﬁ(xo — Xp) + sinh™! |:sinh P(xo —c1) + Hg]i| }, X < xo < L (24b)
0 0

The cable length at a horizontal distance x( from the fixed end is s(x() and can be computed from

Xo d 2 12 x d 2 172
_| dro - Do
s(x0) = L [1 + <de> } d,\hLL0 [1 + (dx()) } dx (25)

Therefore, the total length of the cable is from ¢y = s(L) and T* = Ty(¢). Similarly, the curvature y, and
the directional components dx,/ds and dyy/ds can also be shown and are given in Appendix A.

The static king angle in the cable at the mass (= ¢,) then can be derived from eqn (21b) and is given
by

_ Mg
&~ ) tan~ —2 26
b an 2H (26)

0

With the view to determining the derivations from the static state one sets

r(s,t) = ro(s) + u(s,z) = ro(s) + u(s,t)to + w(s,t)ny (27)
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T(s,t) = To(s) + AT(s,t) (28)

where u and AT represent the displacement and change in tension from the static state and 7y and nq are
unit tangent and normal vectors to that state. The equation of motion, eqn (7), yields

2

_ a _
[rO(AT) + Tou’ + ATu’]/—i—fmé(s —3) = ma—ll; + May (s —5) (29)
The inextensibility constraint (3) becomes
2rj-u'+u’-u' =0 (30)

The boundary conditions for u become u=0 at s = 0. For boundary conditions (10) and (11) we set £ =
£y + AL with Al <« £y. Employing Taylor’s expansion to eqn (10) we have

ro(£o) + ToAL +u(fy) +u'(£y)AL = Li+ hj (31a)
which reduces to

oAl +u(ly) +u'(€y)AL =0 (31b)
Similarly, eqn (11) reduces to

[T4(Co) + AT '(£)JAL + AT(Ly) = u*(1) (32)
Eliminating A¢ between eqns (31b) and (31b) yields

(Tg+AT Yu+ W —AT)(rg+u’) =0, at s=4£ (33)

In the following, we assume that u and AT are small so that only linear terms in u and AT are
significant. Therefore, to summarize the dynamic problem, eqns (29), (30) and (8), we have

2 . . ..
[(AT)‘C() + Tou’] "1, 5(s — §) = mi—l;l + M(s — E)[(;{O‘Eo + u/')(§)2+2l'1’§ + (‘co + u’)i + ii],

(34)
0<s <
with the inextensibility condition
ou' =u —yw=0, 0<s<¥ (35)
and
M[(Xofo + u/’)(§)2+21'1/§+ (to+u')s + ii] =f, +Mg— Nn—uNt, s=5() (36)

Eqns (34)-(36) provide five equations for the five unknowns u, w, N, AT, and 5(¢). The boundary
conditions, in scalar terms, are

u(s, 1) =w(s,)=0, at s=0 (37)

Tu+u" —AT=0 and w=0, at s=1{ (38)

Resolving eqn (34) in directions 7y and n, yields
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—Toxo(rou +w') + (AT) +£,, - T00(s — §) = mii

- - 2 = (39)
+ M(s — s)[ — XO(XOM + w/)(s) +5+ ii], 0<s<4¥y >0
[TO(X()M -+ W/)] /+X0(AT) + fm : nO(S(S - 5)
/()2 N = .
=mw + Md(s — E){ [Xo + (rou+w') ](s) +2(gou+w')'s+ (rou+w')s + w}, (40)
O<s<dty, t>0
Similarly, considering the equation of motion of the mass, eqn (36), one has
N dyO ’ <
M| — XO(XO“+ w )(3) 454+l = Mgg +f£, -1+ N(;{Ou—i— w— ,Lt), s=35(t), t>0 (41)
NATAY: N N . dx
M{ [;50 + (ou +w') ](9) +2(ou+w')'s+ (xou+w')s + w} = (Mga + £, n0> —N,
(42)

s=35(t), t>0

If we eliminate N between these equations by substituting for it from eqn (41) into eqn (42) and
neglect nonlinear terms in ¥ and w when comparing these terms to the linear terms in ¥ and w and then
comparing the latter to the unity, after some manipulations, we obtain

. 2 -
§— .U[Xo + (ou + w/)/](s_) “2u(you+w')’s

d d 1 . ..
= g[dlso + (Xou +w' = 'u)diso:| + Mfm-[ro + (Xo“ +w' = ,u)no] — U+ pw, (43)

s=35(), t>0

Thus, eqns (35), (39), (40) and (43) serve to determine u(s,?), w(s,z), AT(s,f), and 5(¢) subject to the
boundary conditions (37) and (38). The given data of the problem consist of the information related to
the static state of the cable and the forces f,, that acts on the mass. It is mentioned here that as evident
from eqn (43) the problem is nonlinear due to convective accelerations and friction.

The force f,, acting on the mass is obtained by assuming that whenever a mass is being propelled by a
force along an inclined cable, the force will be along the tangent to the vibrating cable. Hence, the force
f,, has the form

fm = Mff = Mf [TO + (XO” + W/)n()] (44)

where f'is a prescribed function of time. For example, f may be a positive constant for a certain interval
for the mass to increase speed and a negative constant to reduce speed and to come to a halt at the end
of the cable.

Similar to what was done in the static state, the dynamic kink angle in the cable at the point where
the mass is located can be obtained approximately by the integration of eqn (7) from 5§ —¢ to §+¢. A
single integration of eqn (7) yields
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T(s.iyt]: "= —(Mg+ May +£,)),_; (45)

where ay; is defined by eqn (5). Here, we substitute 7= Ty + AT and t =19 +u’ into eqn (45) and
assume that the variation of tension AT is continuous at s = 5(¢) when the mass is mounted on wheels
rolling on the cable. The kink angle in dynamic state (=¢ ) then is given by

¢ =y +Ad (46)
where ¢, = 2 tan~' Mg/2Hy and A¢ = 2sin~!|b - b|'/%/2 with b=1/AT[(f,, — May),_. — Tou'| +&5—¢].

3. Method of solution

We begin by representing # and w as continuous functions. Thus kinks and abrupt changes in cable
configuration can only be determined approximately. Let

w(s,t) = ivn(t)sinngzs (47a)
n=1
u(s,t) = ivn(t)Rn(s) (47b)
n=1
where

R, (s) = J Xosin@ ds
0 o
Thus the boundary conditions (37) and (38) and the constraint relation (35) are satisfied. Next, eqns

(47a) and (47b) are substituted into the tangential equation of motion, eqn (39) to determine (AT)’, i.e.

o0

(AT)/Z Z(TOXOBnVn(Z) + MRnVn(t)) + MS(Y - 5) |:3_' - (E)Z)CO iann(t) + iann(t):|
n=1 n=1

n=1 (48)
—f,100(s—5), O<s<¥fy t>0
where B,=y,R,+ (nn/ly) cos (nms/Ly). Integration of eqn (48) yields
o0 S S
AT = Z{(J ToyoBn ds)v,,(t) + m<J R, ds) i}'n(t)} +bi(1), 0<s<35 >0 (49a)
n=1 0 0
oo S S
AT = Z{ (J ToyoBu ds) V(1) + m<J R, ds> ii'n(l)}
n=1 0 0
(49b)

+M['§'—(E)ZXO(@iBn(i)vn(miRn@)vn(z)—f}wz(z), s<s<ly t>0
n=1 n=1

where b;(f) and b,(¢) are constants of integration. As mentioned previously, the variation of tension, AT,
is assumed to be continuous at s = 5(¢). Thus, eqns (49a) and (49b) with eqn (38) imply



Y.-M. Wang | International Journal of Solids and Structures 37 (2000) 1361-1383 1369

o0 o0 Lo Lo
AT =T §(60) Y Ru(lo)vult) — Z{ (J Toxo B ds) V() +m<J R, ds) vn(z)} 50)

n=1 n=1

+u*, O0<s<4¥y, (>0

This result together with eqns (47a) and (47b) can now be inserted into the normal equation of motion,
eqn (40), which yields

o0
Z|:m (smg— + %0 J R, ds) + M Sin?é(s - 5):| Vi
0

n=1

. 0 oS Yo
2(5) M8G5 — 35> Buv, + Z{ %o J TozoBy ds — 10 To(€0) Ru(lo) — (ToB,)’ (51)

M3 — )| B3+ B —B] }vn + M3(s— ) gy — gt =0, O<s<fy, 150

The approximate solution of the cable-mass system is to be obtained by employing the Galerkin’s
method. Using Galerkin’s procedure for minimzing error, we multiply eqn (51) by sinjms/€y and
integrate eqn (51) with respect to s from zero to £, thus obtaining

1meov,<t) + Zanxs)vn(z) + 2MSZB,,,(9)vn(l) + Z{y,,, + M5B, + 6 B®
(52)

. 5
_fB,,(E)] sinjgE }vn(t) + M(E) %0(8) sinjzE =ou*, j=1,2,3,... 1>0
0 0

where o, B, 7, and o; are given in Appendix B. Also, the equation of motion of mass, eqn (43),
becomes

[70(S) + ZB (S)Vn:| 2—2M(§:Bn(§)ﬁn)§

n=1
_ |:dy0

dX()
(ZB ), — )s _

The equations of motion of the cable-mass system in dimensionless form can be obtained by
introducing the following dimensionless quantities:

— N
+/ = R)1(§)Vn+ sin—vV,, t>0 53
J#r Snon gy 9

H, s ~ M
T= —02 L o=, E=—, M=——, $=-,
mEO g() 60 I’}’l@() 0
(54)
A~ mby . mly . ur
= 75 /) = > e ’ - 77
S Hof =, & fo=nb, w =g

Then the equations of motion, eqns (52) and (53), become, respectively,
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1- 00 . P . 0 N A N2 A/ ~n
S50+ D 5@ + 201EY @)+ D5+ W[ EB(0) + (B0 — 7Buo)]
n=1 n=1 n=1

. .d
sinjnf}ﬁ,,(r)+M(é)25(0(f) sinjné = 6%, j=1,2,3,..., 0= O)=—, 1>0 (55)

& u[zo(@ + Zé,;(é)ﬁn} (é)z—zu(zén@én)&
n=1 n=1

| dyvo

dC ¢=¢ S n=I

. . N dX()
Bn n— D
A(Zhen-w)§

where &/, /A?nj, V> G B,(¢) and R,(c) are defined by Appendix B.
To write the equations of motion in matrix form, we allow j and »n in eqns (55) and (56) to have the range

] —|—f'— iﬁn(é)ﬁn + #i( Sin(nné)).‘ém >0 (56)
=¢ n=1

j=1,2,3,...,N

n=1273,....,N
and let
y = (1, D2, 93, 9y, )T (57)

Then eqns (55) and (56) can be written as

M(&)§ + ENE)Y + Ki(E)y + EKa(O)y + E[Ka(©)y + k()] = h(@*) (58)

and

EHp)E + @+ Oy +dT Oy + () =0 (59)
respectively. The initial conditions are

y(0) =y(0) =0, &0)=0 and &0)=¢ (60)

where £, = 0 implies the mass is not parked on the cable before the mass is set on motion. The components
of the previously defined matrices, vectors and scalars in eqns (58) and (59), i.e., M, N, K;, K,, K3, ki, h, ¢,
d, p, ¢ and y, are given in Appendix C.

The problem of numerical simulation of the transient vibrations of the cable system carried out by
numerically integrating the governing differential eqns (58) and (59) with the associated initial conditions
is specified in eqn (60). To do this, we further reduce the system by introducing

z=(7. &y &) 1)

where z is the 2N + 2 vector with the initial condition z(0) = (0, 0, 0, &,)7. Then eqns (58) and (59) can
be reduced to

Mz = Nz + f* = 0 (62)



Y.-M. Wang | International Journal of Solids and Structures 37 (2000) 1361-1383 1371
In eqn (62), M and N are the (2N 4 2) x (2N 4+ 2) matrices and f* is the 2N + 2 vector defined by

M Ky &N 0
_ T 1 0T é
M=|¢ P
0] o 1 0
of 0o o7 1

0] 0 K +&K; 0
N=|0 ¢ a’ 0
-1 0 [0] 0
0 —1 o’ 0

_-2 T
= |k (&) —h'G), 5, 07, 0]

where 1, [0] and 0 are N x N unit, N x N zero and N x 1 zero matrices respectively.

Deflection of cable (m)
0.10 0.05 0.00 -0.05

0.15

0.20

——— Result from Forrestal ef al.

0.25

Ll T T i

T 1 L
00 02 04 06 08 10 12 14 16
Time (sec)

Fig. 2. A comparison between the result of this paper and the result of Forrestal et al. (1975).
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Fig. 3. Rate of convergence of solutions, with mass under free fall, with N for Hy=444.8 KN, u = 0.0 and Mg = 40 KN.
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I I I I 1 I | I I
0.0 900.0 1800.0 2700.0 3600.0 4500.0
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Fig. 4. Static sag of cable under its own weight vs horizontal distance for Hy=100 KN, 250 KN and 500 KN.
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‘g_J T ] T | T [ T I T
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(b)

Fig. 5. Static sag of cable vs horizontal distance for Mg = 50 KN, Hy=250 and 500 KN when the mass is parked at Xy = 1125,
2250 and 3375 m.

4. Numerical results and discussion

Numerical results presented here are based on the assumptions that the cable spans two mountain
peaks 4500 m apart with a difference in elevation of 750 m. The material of the cable is Kevlar about 5
cm in diameter with a weight of 21.45 N m~'. The weight of the mass may range up to the total weight
of the cable. The mass may slide down the cable under a variety of conditions that include free fall
under gravity or being propelled with thrusts. Rapid deceleration and braking to a halt at the desired
(end) point are planned. The control force u*(¢) is set to be zero for the work reported here.

For numerical integration of the system, eqn (62), the Runge—Kutta method with sixth order accuracy
is used. Evaluation of the integrals with variable limits, such as those occurring in eqn (55), was carried
out using power series technique up to O(x’). As shown in Fig. 2, the accuracy of the model was tested
by comparison of its results with the results of the simpler model of Forrestal et al., (1975) which
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Fig. 6. Static deflection of cable with horizontal distance at Xy =2250 m for Hy=250 KN and three values 10, 25 and 50 KN for Mg.

pertains a moving mass with constant acceleration. It is known that the latter is in agreement with
experimental observations. The dimension N of z in eqn (62) that was necessary to retain for sufficient
accuracy was found to be 35. Fig. 3 shows the rate of convergence of cable deflection at trolley from
static state, with mass under free fall, with N. There is negligible difference between the results for
N = 20 and N = 35. Hence, all calculations are based on N = 35. The remaining parameters in Fig. 3
are Mg = 40 KN, 1 = 0.0 and Hy=444.8 KN.

In the following, an attempt is made to evaluate the influence of various parameters upon the
performance of the system. The results reported below pertain to the general case when appreciable
static sag, friction and variable acceleration exists.

Fig. 4 shows the static shape of the cable under its own weight for the three cases when Hy=100 KN,
Hy=250 KN and Hy=500 KN. As shown in Fig. 4, the static sag in the first case, Hy=100 KN, was
referred as excessive and hence the remainder of the study is carried out for the two other cases.

The results of static form of a cable with a riding mass are presented in Figs. 5-7. Fig. 5 shows the
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500 KN for H.

static deflection profile of the cable when the mass, Mg = 50 KN, is parked at xo = 1125, 2250 and 3375
m. Two different values of H, are selected. Fig. 5(a) is related to the case when Hy=1500 KN and the
other, Fig. 5(b), is for the condition when Hy=250 KN. It clearly indicates that behind the mass the
cable is taut and ahead of it the cable is slack. It also shows that high static tension reduces the kink
angle in the cable.

Fig. 6 illustrates the static sag of the cable when the mass is parked at the midpoint of the cable
(X9=2250 m) for Mg = 10, 25 and 50 KN. The tension H, used in Fig. 6(a) and 6(b) are, respectively,
500 and 250 KN. The dashed lines represent the static form of the cable under its own weight. The
result shows that the static sag of the cable increases with the weight of the riding mass and decreases

The difference of cable length with and without a riding mass under constant static tension is shown
in Fig. 7. The parameters used in this figure are Mg = 25 KN and two values of static tension Hy=250
and 500 KN. This illustrates that higher tension in the cable results in lower value of the variation of
cable length.

The dynamic behaviors of the system due to the motion of a riding accelerating mass are given in
Figs. 8—-12. As mentioned previously, the propelling force on the mass is specified and this results
variable velocity, acceleration and unknown location of the mass along the cable. Therefore, the
trajectory and speed of the mass on the cable are quantities of interest. Fig. 8(b) and (a), respectively,
show the trajectory and velocity of the mass traveling along the cable under free fall, /= 0.0. The
parameters used are Mg = 25 KN, u=0.0 and three values 250, 500 and 750 KN for H,. The result
indicates that if the tension of the cable is not high enough, the speed of mass will initially increase and
thereafter decrease as the mass moves to the lower point. This is expected since under low tension there
exists a point of maximum sag within the two supports.

The effect of retarding force to the mass is studied in Fig. 9. In this figure, the traveling speed is
plotted with the location of mass along the cable for Mg = 25 KN and two values 250 KN, Fig. 9(b),
and 500 KN for H, under free fall. Three values of reverse force, f = 0.0, —2.5 and —5 m s> are
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and 750 KN for H,,.

selected and is applied at 5/£y = 0.6 respectively. The result indicates that the speed of mass increases
with the propelling thrust and thereafter reduces speed to a halt with the applied retarding force.

Another important operational requirement is the ability to bring the mass to a halt at the end point
by a constant reverse force applied after the mass has achieved specified speed under forward thrust.
The program here developed is capable of predicting the magnitude of the reverse force for any position
and speed of the mass. The problem is solved by first determining the terminal velocity of the mass
when forward thrust is set to zero at a particular point and then coasts to the end point. The end
velocity is thus made zero by adding reverse force at that particular point and using iteration.

Fig. 10 indicates the trajectory of the mass, Fig. 10(b), and correspondingly the velocity of the mass
along the trajectory under free fall. This is of the value when the location of the moving mass is of
primary concern. The parameters used in this figure are Hy=500 KN, u = 0.0 and two values 25 and 50
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5/€y = 0.6.

KN for Mg. The retarding force is assumed to be applied at 5/¢yp = 0.6. Fig. 11 shows information to
that shown in Fig. 10, except in this figure two values of the forward thrust, f = 0.0 and 5.0 m s—2, are
selected. The other parameters used are Hy=>500 KN, 1=0.0 and Mg = 25 KN. Based on the results it
appears that the speed of moving mass and the reverse force required in order to stop the mass at the
end point decrease with the weight of the mass (Fig. 10). This is expected since increase in the weight of
the mass will sharpen the kink angle in the cable. Meanwhile, larger values of forward thrust is applied,
faster traveling speed is obtained and accordingly bigger values of reverse force for zero terminal speed
are required (Fig. 11).
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Fig. 12 illustrates the value of the retarding force vs the forward thrust for zero terminal speed when
assuming that the former is applied at 5/¢y = 0.6 for Mg = 100 KN, Hy=1500 KN and two values of g,
#=0.0 and u=0.1. The result shows that the reverse force increases almost linearly with the forward
thrust. Moreover, if the friction between the mass and the cable is not zero then the reverse force that is
required to stop the mass at the end point decreases as the friction is increased.

5. Conclusions

In this study, the mechanics and transient dynamics of an inclined inextensible cable suspended from
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two points of different elevation with a riding accelerating mass are studied. The restriction that an
inextensible cable cannot vibrate in the limit of vanishing sag, Triantafyllou (1984), was removed by
letting the length of the cable vary with the position of the mass on the cable. To accomplish this, the
higher point of the cable is anchored to the ground, and the lower point of the cable is controlled so
that its tension at that point is held at a constant level. Hence, the length of the cable is not fixed and is
a function of the position of the moving mass during operation. This arrangement thus removes the
restriction on inextensible cable under very high tension.

The mechanics of the interface between the mass and the cable are determined by modeling the mass
as a rigid body that travels on a flexible structure. The interaction force, caused by convective
acceleration and friction of the mass traveling on the cable is hence a function of the cable
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displacements. Therefore, there exists a nonlinear coupling between the deflection of the cable and the
function that presents the position of the moving mass on the cable. Further, due to the presence of
friction and convective acceleration, the problem is nonlinear. Even the differential equations of motion
are obtained by superimposing small displacements on the catenary state of the cable.
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Appendix A
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Appendix C. components of matrices and vectors and scalar coefficients
1 N
Mijn = 50jn + O
N jn = 2M ﬂ jn
Kljn = ;/}_jn - Mfén sin (]7'55)
K2jn = Mén sin (]Tlé)
Ksjy = Ml},; sin (j)

Ky = M3, sin (jné)
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Y 7
e L

R =diag[R,] n=1,2,3,....K
S = diag[sin(nné)], n=1,2,3,....K
1=(,1,...,1)T, Kx1 unitmatrix

[M]=11"7
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